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Abstract. — We prove the existence of infinite energy global solutions of the cubic 
wave equation in dimension greater than 3. The data is a typical element on the support 
of suitable probability measures. 



1. Introduction 

This paper is a higher dimensional sequel of the recent article [8] by the first and 
the third authors (and also of [9|, I10|. |4]). As such it aims to construct global in 
time solutions of the cubic wave equation with low regularity (infinite energy) random 
initial data. To the best of our knowledge such a regularity is out of reach of the 
present deterministic methods. The major difference between the present paper and 
[8] is that here we only establish existence results and in particular no uniqueness 
statement is proven. Let us recall that in [8j a suitable uniqueness and a probabilistic 
continuity of the flow were proven. This result was followed by more recent results by 
Nahmod-Pavlovic-Staffilani [15j on the 2 and 3-dimensional homogeneous Navier-Stokes 
equation, where the authors obtain strong (in 2-d) and weak (in 3-d) results, and in turn, 
here we are inspired by this latter 3-d weak-existence result. Related weak-existence 
results had been already used in the context of the randomly forced Navier-Stokes 
equation by Da Prato-Debussche [l2j and the Euler equation by Albeverio-Cruzeiro [1], 
using more sophisticated probabilistic tools (Prokhorov and Skorohod Theorems). This 
approach may be seen as the analogue in the random setting of the Leray compactness 
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method for constructing solutions of nonlinear evolution equations. It has the advantage 
to require less regularity on the initial data, one allows infinite energy while the Leray 
method requires finite energy of the data. It should however be emphasised that as in 
the Leray method our approach still makes a crucial use of the energy functional. In 
this paper we will only need an invariance property for the linear evolution combined 
with large deviation estimates on the nonlinear part which are much easier to achieve 
than the invariance properties as in |12^ [1]. Let us now describe our model. Let d> 3 
and consider the cubic wave equation on the torus T"^ = (R/IttZ)'^ 

{ dfu - Au + u^ = 0, (t, x) £Rx T'^, 
(1.1) <^ * ' V , ; 

\{u,dtu){0,-) = {uo,ui)e'H', 
where A := A the Laplace operator and 

Denote by Sc = (d — 2)/2 the critical (scaling) Sobolev index for (jl.ip . Then one 
can show that (jl.ip is well-posed in Ti^ for s > Sc ([13j) and ill-posed when s < Sc 
( |13|. IIH 114) ). See the introduction of [8j for more details. The energy of (jl.ip reads 

£{u) = l [ [\Vu\' + idtuf)+\ [ u\ 

I Jjd 4 Jjd 

thus with deterministic compactness methods due to Leray (see e.g. Lebeau |14| Section 
6] for the application of the method in the context of (jl.ip ). we can construct global 
weak solutions to (jl.ip so that 

{u,dtu) eC^{R;H\T'')nL\T''')) x C^{R; L^T'')) , 

(here Cw means weak continuity in time) and £[u){t) < £{u){0) for all t G M. Observe 
that for d > 4 one has 1 < Sc and thus the construction of weak solutions works for 
data of supercritical regularity with respect to the scaling of the equation. However it 
requires finite energy of the initial data. The main goal of this paper is to show that 
weak solutions still exist for infinite energy, almost surely with respect to a large class 
of probability measures. 

Let us now describe precisely the initial data sets (statistical ensembles) that we shall 
consider in this article. Here we follow [8j. Let < s < 1 and let {uo,ui) € 'H'^ with 
Fourier series 

Uj{x) = aj + [bnj cos(n • x) + Cnj sin(n • x)) , j = 0, 1, 

where = Z'^\{0}. Then let (^aj{uj), j3n,j{i^),Jn,j{<^)) , n G j = 0, 1 be a sequence 
of independent real random variables given on a probability space (17, J^, p) with a joint 
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distribution 9 satisfying 

/oo 
-oo 

We then define tlie random variables by 

u^(x) = aj{uj)aj + ^ (/3rij(w)6nj cos(n • x) + 7nj(w)c„j sin(n • x)), 

and we define the measure fJ.(^uo,ui) on ^ the image of p under the map 
We then define A^'^ by 

M'= U {/i(.o,m)}- 

Denote by 

(1.2) S{t){uo,ui) = cos (tV^)(no) + "'"^^/l^^ m), 

the free wave evolution. Then our result reads 

Theorem 1.1. — Let < s < 1 and fi £ Ai^ . Then there exists a set S of full fi 
measure so that for every (uo,ui) G S C Ti^ the equation (jl.ip with initial condition 
{u{0) , dtu{0)) = {uq,ui) has a solution 

u{t) = S(t){uo,ui) + w{t), 

where for any e > 

{w,dtw) £ C{R;H^-%T'^) x H-%T'^)). 

Moreover, for all t £M 

\\iwit),dtwm\wm < c(M+ 

||u;(t)||i4(Trd) <C(M + |^|)^+^ 
with fj,{M > A) < Ce^^^ for some 6 > 0. 

Remark 1.2. — Let us recall (see [8j) that if the measure fj, G is constructed using 
data {uo,ui) G ^''(T'^), then fi{'H'^) = 1, while if for some s < a, we have {uo,ui) ^ 
n''{T'^), then as soon as the random variables (ctj, /J^j, ^n.j) do not accumulate at 
(for example, in the case where they are non trivial and identically distributed, then 
fJ^i'H'^) = 0. On the other hand, under rather weak assumptions, ^{B^) > for any non 
empty open ball C Ti^ (see |8, Proposition 1.2]). 
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Let US now mention two possible extensions of our result. In the case d = 4 one may 
expect to get uniqueness by combining the analysis of [8] with the critical theory for 
(jl.ip . One may also expect to include the case s = by elaborating on the arguments 
developed in [8] to treat this case. It is not clear to us what happens for s < (and in 
[8j as well). In particular we do not know whether s = is the optimal regularity one 
may achieve by our approach. Invariant Gibbs measures for dispersive equations were 
extensively studied (see e.g. [20l [3l[2l[19l[T8l,[16l[T7l[6]). In these papers the Gibbs 
measure is combined with a suitable local in time result (which can sometimes be quite 
involved) to get global existence and uniqueness on the support of the measure. By an 
extension of the method (using in particular Skorohod and Prokhorov theorems) we use 
in this paper one may construct a dynamics (without any uniqueness) on the support of 
a Gibbs measure and prove its invariance. We plan to give several relevant examples of 
this observation in [7]. We however do not see how to make work such an approach in 
the context of (jl.ip . Indeed, the present methods of renormalization of Gibbs measures 
are restricted to dimensions < 2 (see [3j)- Let us also recall that as mentioned above 
a global existence based on Gibbs measures only works for a very specific choice of the 
initial distribution. On the other hand, it has of course the advantage to give a quite 
remarkable dynamical property of the flow. 

The rest of the paper is organised as follows. In Section [2] we recall stochastic prop- 
erties of the linear flow which were proven in [8] . In Section [3] we study the dynamics 
of an approximation of (|l.ip . Section 3] is devoted to the proof of Theorem 11.11 

Acknowledgements. — We thank Arnaud Debussche for discussions and for pointing 
out the reference [12j. The second author is very grateful to Philippe Carmona for many 
clarifications on measures. 



Once for all we fix < s < 1 and /x = fJ,(^uo,ui) ^ M^. Recall the definition ()1.2p 
of the linear wave propagator S{t). In this section we prove estimates which reflect 
the invariance of /i under S{t). This is the only measure invariance aspect used in this 
paper. 

2.1. The projectors. — Denote by = Z'^\{0}. For a Fourier series u 



2. Stochastic estimates on the linear flow 




neZd 
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we denote by Ilo{u) = a and for > 1 

I[j\[{u) = a + (6„ cos(n • x) + c„ sin(n • a:)) and 11^ = 1 — 11 



N- 



l<\n\<N 



Let X £ Co°(— 1,1), so that x = 1 on (—1/2,1/2). Let us also introduce the smooth 
spectral projector 

Sn{u) = x(-iV"^A) = a + ^ ^(^) ■ ^) + Cnsin(n • x)), 



which will be needed in the next section. This operator has the following property (see 
e.g. [5] for a proof). 

Lemma 2.1. — Let M he a compact Riemannian manifold. Let A be the Laplace- 
Beltrami operator on M. Let 1 < p < oo and denote by L^ = L^{M). Then Sn = 
x(— A^~^A) : LP — > LP is continuous and there exists C > so that for every N > 1, 

\\Sn\\lp~^lp < C. 
Moreover, for all f G L^, S^f — > f in L^, when N — > +oo. 

2.2. The estimates. — Following [8], we introduce the following sets for 

6 > 1/2, 5> 1/3, (5 > 0, e > 



Fm = 




Gm = 


|('"0,'"l) 


Hm = 


|('WO,'Wl) 


Km = 


{(■Wo,-"!) 


Rm = 




= Fm n Gm n Hm 



{t)-'S{t){U''{uo,mmLHR,;L^m) < M'-''} 

{t)-'S{t){U''{uo,ui))h^ur,Lm) < M'-'} 

-^5(t)n^^(t.0,^^l)||Loo(K;L4(Td)) < M^-^}, 

and Em = Fm H Ga/ n Hm H Km H Rm- Then the following result holds true. 

Lemma 2.2. — For any e > 0, there exists eq > Q such that there exist C, c > such 
that for every M > 1 



lJi{Fli) < Ge 



KGli) < Ge 



Mi^l,) < Ce-^"" ^^ KKh)<Ge- 



fiiRlj) < Ge- 
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Proof. — This result is very close to [8, Lemma 4.2]. Indeed, the only new point is the 
bound on the measure of Rm, whose proof follows the same lines as the proof of the 
bound on Km, once we notice that by (1-d) Sobolev injection, with p sufficiently large 
and such that 6 > ^, a > ^, a < s, 

(2.1) IKt>-'5(t)n^-^(no,ni)||ioo(K;L4(T.)) 

<C\\il + \Dt\)^t)-'sm^'iuo,u,)h,^^.LHT'^^) 
<C'\\{t)-\l + \Dt\rsm^'{^o,ui)hp(^u.,LHT^)) 

< c'wity'ii + \D,\rsm'\uo,u,)h,^^.LHT''))- 

□ 



3. Uniform bounds on the Sobolev norms, s > 

For ^ 1 we consider the following truncation of (jl.ip 

I d^UN — Autv + SN{{SNUNf) =0, {t,x)eRxT'^, 



{uN,dtUN){0, •) = iuo,ui) e W 



(3.1) 



In fact, equation (j3.ip is an ODE in low frequencies, and is the linear wave equation 
in high frequencies. Indeed, if K is large enough so that HkSn = Sn, then the equa- 
tion (j3.ip is equivalent to the uncoupled system 

' d'^IiKUN - AHi^UAT + SN{{SNUNf) = 0, (t, x) e M X T'^, 

{IiKUN,dtIiKUN){^r) = {^KUq^HkUi), 

[ (Id - IIk){un) = S{t) ( (Id - IiK)uo, (Id - IiK)ui ) . 
Then from the conservation of the energy 

£N{TlK{uN)){t) = \j^^ ({dtllKUNf + iV^Hi^n^p + i(S^-u;v)^)dx, 

we deduce that, for all > 1, ()3.ip admits a global flow ^i^{t). The goal of this section 
is to prove the following statement. 

Proposition 3.1. — Let < s < 1 and fi G Ai^ . Then for any e > there exist 
C,6 > such that for every {vo,vi) G there exists M > such that the family of 
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global solution {u]sf)Nef^ to (j3.ip satisfies 

UN{t) = S{t)U\vo,Vi)+WN{t) 

\\{wN{t),dtWNm\w < C{M' + \t\) 
with fM{M > A) < Ce~^^ . 



\\Sn{un)\\lHT'^)<C{M' + \t\)^+' 



Proof. — We only give the proof for positive times, the analysis for negative times being 
analogous. Fix e > and ei > such that 

^oo\ ^ l-s + e l-s 

and fix (5 > 1/2, (5 > 1/3 such that 

(3.3) {6-^)s<26e, 6 < 1. 

We have the following statement. 

Lemma 3.2. — For every c > there exists C > such that for every t > 1, every 
integer M > 1 such that t < cM^~'^^ , every {vo,vi) G Em the solution of ()3.ip with 
data {vq,vi) satisfies 

\\uN{t) - 5(t)nO(no,ni)||^i(Tr.) < CM'-'+'. 
In particular, thanks to ()3.2p . ift^ M*~^^ then 

\\uN{t) - 5(t)nO(no,Ul)||^i(Td) < t^+'\ 
Proof. — For {vq,vi) G Em we decompose the solution of (|3.ip with data {vo,vi) as 

njv(t) = S{t)I[^'\uo,ui) + WN,Mi 
where wn^m solves the problem 

r {dj - ^j,)wN,M + Sn{{Snwn,m + SNS{t)Ii^'{u^,Ui)f) = 0, 

1 {wN,M{^)^(^tWNMi^)) = '^m{vQ,Vi)- 
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Then thanks to an integration by parts and the fact that Sat is self adjoint, we get 

(3.4) ^SNiwNAl) = 

= J ^ (^dfwN,M9tWN,M + ^xWNM ' dtVxWN,M + iSNWN,MfdtSNWN,M^dx 
= j ^ dtWN,M(^dfwN,M - ^'WN,M + SN{{SNWN,Mf)^<ix 

dtWN,M [^N {{SNWN,Mf) - S n {{S n S {t)U'^^ {uq , Ui) + SNWN,Mf)^dx. 



Denote by 

gM{t) = \\S{t)n^'{uo,ui)\\%^^,^ and fM{t) = \\S{t)U^' {uo,ui)\\L^^jdy 
Therefore from (|3.4p and the Cauchy-Schwarz inequahty, we deduce that 

< C£ll'^{wN,M)\\(^N'WN,Mf - (5'Ar5(t)n*^(uo,Ui) + SNWN,M)^\\L^(Td) 

< C£:]/^(u;Ar,Af)(||5'(i)n^^(uo,Ui)|||6(Trd) + \\S{t)U^'\uo,Ui)\\io^(jd)\\SNWN,M\\Li(^Td)) 

< C£U'^{wN,M)(gMit) + fM{t)£lli'^{wN,M) ^ 
and with the Gronwall lemma, we obtain 

£]!\^NM){t) < Ce^i'o^^^«'i^(4/'(«;^,Af)(0)+ r<7M(r)d7 



(3.5) < Ce'^^^f'^'^^^''^(£]l\wNMm + j^ 5A/(r)dr) := gAf(T) 

(notice that since tL'Af,M(0) does not depend on A^, the right-hand side in the last 
inequality is also independent on N). We now observe that for {vq,vi) G Em 

r-t 



gM{T)dT 



provided 

-s + e + 5{s- 2e) < 0. 

The last condition can be readily satisfied according to (|3.3p . 

Next, we have (using Cauchy-Schwarz inequality in time) that for {vq,vi) G Em^ 
t 



fM{r)dT 



provided —s+e+{6+^){s — 2e) < 0, a condition which is satisfied thanks to 
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For {vo,vi) G Em, we have 

£^/\wN,MiO)) < C(||nM(no,ni)||^i + ||nAf(?;o)|li4) < CMl-^+^ 
and coming back to (|3.5p . we get 

(3.6) £^/\wN,Mit)) < CM^~'+'. 

Recall that 

UN{t) = WN,Mit) + S{t)U^{uo,Ui) = S{t)U\uo,Ui)+WN,Mit) " S {t)UMU^ {uq, Ui) . 

We have that for a solution to the linear wave equation the linear energy 

II r 2C'ird\ + " ^ "■ " 



is independent of time and that if {u,dtu) is orthogonal to constants {{u,dtu) = 
lP{u,dtu)), then this energy controls the ^^(T'^) -norm, we deduce for (fo,fi) G Em C 
Fm that 

||5(t)nMnO(no,ni)||„i(Td) < CM'-'+' 

and therefore 

||njv(t) -5(f)nO(wo,ni)|lwi(T^) < CM^-'+'. 
This completes the proof of Lemma 13.21 □ 

Next we set 

i?^= n 

K>M 

where the intersection is taken over the dyadic values of K, i.e. K = 2^ with j an 
integer. Thus fi{E^'^) tends to 1 as M tends to infinity. Using Lemma |3.2| we obtain 
that there exists C > such that for every t > 1, every M, every {vo,vi) G E^ , and 
every G N, 

\\uN{t) - 5(t)nO(no,ni)||^i(Trd) < C(Mi-^+^ . 
Furthermore, by ()3.6I1 and the definition of Rmi we get that for (moj'^i) G Em, and 



ll'S'Ar(MAr)||L4(xd)(t) < HS'tv (u^tv^m) ||L4(Td) (t) + HS'tv (5(t)n (uq, Ui)) ||i4(Trd) (t) 
Finally, we set 

oo 

E= I) E^. 



M=l 
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We have thus shown the fi ahnost sure bounds on the possible growths of the Sobolev 
norms of the solutions established in the previous section for data in E which is of full 
/i measure. This completes the proof of Proposition 13.11 □ 



4. Passing to the limit 

4.1. Some deterministic estimates. — We now need an interpolation result. De- 
by the norm 



fine the space W^'°° by the norm ||u||^wi,oo = ||u||l°° + ||9tii||_Loo , and denote by H'^ 



Lemma 4-i- — Let T > 0, — oo < cj2 < cxi < +oo and assume that 

u G L°°([-T,r];/7'"i), dtu G {[-T,T]- H''^) . 
Then for all 9 G (0, 1), and all ti,t2 G [—T, T] 

\\u{tl) — tt(t2)||/^e<Tl + (l-e)<T2 < C\tl — t2\^~^\\u\f^CX^fJCT-^ 

Proof. — By Holder we get 

\\u(ti) -U{t2)\\m2 = II / drU{T)dT\\H''2 < |tl - t2\ 

Jtl 

Next we clearly have 

\\u{ti) - u{t2)\\H<^i <2\\u\\l^H'^i, 

and we conclude using that 

1 1 1 1 1 1 1 1 ^ 1 1 1 1 \-~-6 

\\u\\-^ea--^+{l-e)a-2 ^ ll'^ll/Z^l Il'^||_ffcr2 • 



□ 



Now for C7 G M and a G (0, 1), let us define the space C^H" = {[-T ,T]; H" {T'^)) 
by the norm 



\u{ti) - u{t2)\\H, 

I-UIIC?//- = sup h \\u\\l^Hi 

t 



According to Ascoli theorem, we obtain 

Lemma 4-2. — For any T > 0, any a > and any e > 0, the embedding 

a^H" ^ C{{0,T);H''-') 

is compact. 
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4.2. The compactness argument. — According to Proposition 13.11 we know that 
almost surely, there exists M > 1 such that the family of solutions to (|3.ip 

UN{t) = S{t)U\vo,Vi) +WN{t), 

is such that 

\\iwN{t),dtWNm\nHT'') < C{M' + \t\)'-^+' 

WSNMhHmxT^) < C{M' + \t\)'i^^'\t\'/\ 
We apply Lemma l4.ll with o"i = 1 and cr2 = and we deduce that the sequence is 
for any e > bounded in C^'^ H^"''/'^ . According to Lemma 14.21 we can almost surely 
extract a sequence converging for any T in C ((0, T); iJ^"*^) , to a limit that we denote by 
w. On the other hand, the sequence Sn{un) is, for any T bounded in Lf^ and we can 
consequently extract a sequence converging weakly in Lf^^ ^ ^ to a limit that we denote 
by u. But for any K G N, if K < - 2, we have 

SxiSNiuN)) = SxiuN) = S'i^(S'(t)n°(fo,fl) + WNit)), 

and we deduce that (in distribution sense), SK{S]\f{uj\f)) is converging to Sxiu) on the 
one hand and to SK{S{t){u(),ui) + on the other hand. Hence 

VKgN, SKiu) = SK{Sit)iuo,ui) + w). 

We deduce that (in distribution sense) u = S{t){uo,ui) + w. Now we deduce that 
Sn{ui\i) is converging weakly in Lf^^^^ and strongly in Lf^^^^ to u (here by strong 
convergence in L^^^^^ we mean that the convergence is strong on any compact set). 
By interpolation, we deduce that Sm{un) is converging strongly to u in Lf^^^^ for 
2 < p < 4. In particular using this property for p = 3, we can pass to the limit in ()3.ip 
(here we use Lemma l2.1l to pass to the limit in the nonlinear term) and obtain that u 
satisfies (jl.ip . To prove the convergence of dtWN in C((0, T); //"^(T"^)) , we estimate 

in L'^{{0,T);H-^{T'^)) with r = max(d/4, 1) (here we use L'^/^{T'^) c H-'^/^(T'^)), 
and we can conclude thanks to Lemma [4.11 with ai = and o"2 = — r. 
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